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ABSTRACT

Gaussian process (GP) regression can be used in the interpolation of observed periodic chan-
nel estimates in OFDM transmission systems over both time and frequency in small-scale fading
environments. Previous GP regression studies used the popular radial basis function as the GP
kernel. In this study, we examine the performance of GP regression using a Bessel kernel with a
semi-static hyperparameter vector. Results show that GP regression using the Bessel kernel out-
performs the radial basis kernel, as well as traditional interpolation methods such as cubic spline
and FIR interpolation, especially when training symbols are spaced far apart in time with respect
to the channel coherence time.

INTRODUCTION

Gaussian process regression is a non-parametric Bayesian approach towards regression prob-
lems. It is especially useful when the phenomena to be estimated can be closely characterized by
a Gaussian process [1]. Jakes [2] characterized small-scale fading in terms of a Gaussian process;
as such, GP regression is an ideal technique for time-domain interpolation of channel estimates
in between measured observations of pilot (training) signals that are known a priori to both the
transmitter and receiver of synchronized transmission systems.

Many other interpolation techniques have been studied, such as linear interpolation methods
using cubic spline interpolation and FIR interpolation [3], and non-linear interpolation methods
using radial basis function networks [4] and GP regression using a radial-basis kernel [5].

CHANNEL ESTIMATION FOR OFDM

Orthogonal Frequency Division Multiplexing (OFDM) is the modulation scheme used in fourth-
generation (4G) communications systems and beyonds. The ITU standardizes the specification for
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Figure 1: OFDM comb-type pilot structure.

physical-layer signaling [6], and details the method for channel sounding via pilot tones disbursed
in both time and frequency. Pilot tones are known a priori to both the transmitter and receiver, and
are sent at periodic intervals. While pilots are necessary to measure the channel distortion, they
must replace data bins, and consequently this replacement reduces data bandwidth.

For time-varying channels, an OFDM symbol can be periodically sacrificed for pilot tones
instead of data symbols. This is known as a comb-type arrangement, shown in Figure 1. Pilots
replace data symbols at a period of Tpilot.

It would thus be advantageous to transmit pilots as infrequently as possible, to minimize sac-
rificing data bandwidth for channel estimation. The periodicity of pilot transmissions should be
smaller than the channel coherence time; if the channel characteristics change in between pilots,
symbol detection would degrade due to obsolete channel estimates.

EXISTING CHANNEL ESTIMATION TECHNIQUES

It is the job of the receiver to interpolate the channel estimates in between received pilot obser-
vations. This section describes common channel estimation interpolation techniques. Both these
methods are linear methods, and are relatively easy to implement.

Cubic spline interpolation attempts to connect points piecewise with a third-order polynomial
interpolant (a spline). Even though the interpolation is piecewise across points, the interpolation re-
quires continuous first and second-order derivatives at the points, making the interpolation smooth
across all points.

FIR low-pass interpolation treats the points as undersampled data points, and interpolates using
a low-pass filter bandlimited to the estimated Doppler frequency. Unlike the cubic spline, this
type of interpolation requires periodic pilot signals, which is not typically a problem in practical
communications systems.
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CHANNEL ESTIMATION USING GAUSSIAN PROCESS REGRESSION

GP is a Bayesian learning technique that estimates a latent regression function from offline
training measurements to perform the prediction when new data (observations) are available. GP
models the latent regression function to follow a Gaussian distribution. Thus, it suffices to produce
estimates with a Gaussian-distributed mean and variance for each estimate, and requires a “best
guess” on the underlying model that characterizes the phenomena to be estimated. We can define
a GP kernel as a covarance k(x, x′) = cov(x, x′) between two independent variables x and x′,
and compactly define a covariance vector k∗ of length n observations, where each element is the
covariance between the test point x∗ (the point to be estimated) and a length n vector of training
points x′. The observations of each training point are contained in y. We can then construct the
training set covariance matrix K, such that the test point estimate y∗ and estimate variance is given
as

y∗ = kT
∗ (K + σ2

nI)
−1y (1)

σ2
y = k(x∗, x∗)− kT

∗ (K + σ2
nI)
−1k∗, (2)

where σ2
n is the observation noise variance of additive independent and identically distributed

Gaussian noise.
Previous studies [5] have used a radial basis function (RBF) for the GP kernel, which is given

by

k(x, x′) = θ21 exp(−
1

θ22
(x− x′)2), (3)

where θ1 and θ2 are hyperparameters for the RBF kernel.
In the case of small-scale fading in a mobile multi-path environment, the complex-valued gain

H(i) in the ith frequency bin can be characterized by a Rayleigh fading model, which is shown to
be a Gaussian process as described by Jakes [2]. Assuming stationarity, the time autocorrelation
of the complex gain H(i) with respect to the time lag τ is given as

rhh(τ) = J0(2πfmτ), (4)

where J0(·) is the zeroth order Bessel function of the first kind, and fm is the maximum Doppler
frequency. As autocorrelation is simply a normalized covariance, we propose to use (4) as the GP
kernel. Then,

k(x, x′) = θ21J0(2πθ2τ), (5)

where θ1 and θ2 are hyperparameters for the Bessel kernel, and

τ = (x− x′). (6)

Note that θ2 is essentially the Doppler frequency fm.

3



SYSTEM DESCRIPTION

For our analysis, we simulate an OFDM system with 256 frequency bins, using 16-QAM mod-
ulation in each transmission bin. 38 guardband bins are reserved on each side of the spectrum,
and the DC bin is also not used. For the comb-type pilot arrangement, one OFDM symbol every
Tpilot seconds is dedicated to transmitting all pilots, which are defined in a pseudo-random QPSK
sequence. An ITU-standard VA120 channel [6] is simulated, which consists of five varying paths
of differing average path losses and delays exhibiting Rayleigh fading at 120 kph. Using a 2.4 GHz
center frequency, this corresponds to a Doppler frequency of 111.11 Hz. Six observed channel es-
timates are used for the interpolation algorithms; for simplicity, each channel estimate Ĥ(i) of the
i-th frequency bin is computed using least-squares estimation of the received frequency-domain
symbol Y (i) and known pilot symbol X(i), where

ĤLS(i) =
Y (i)

X(i)
. (7)

It is recognized that LS estimates are not optimal for low-SNR environments; however, for this
analysis, we are more interested in estimation performance when subjected to fast-fading channels.
Noise is of secondary consideration, as performance in AWGN channels is well-known.

We define “normalized pilot spacing” as the ratio of spacing between pilot signals with respect
to the channel coherence time TC. Using the definition of coherence time from [7],

TC =
1

fm

√
9

16π
. (8)

Defining the pilot spacing in this manner allows for comparison of interpolation techniques at
different pilot spacings, independent of mobile velocity.

Rather than training GP hyperparameters in (5), we will assume knowledge of the Doppler
frequency fm and set the hyperparameter accordingly. In mobile terminals, estimation of Doppler
frequency is necessary to compensate for time-varying phase rotations in the decoded OFDM
symbols caused by carrier frequency offsets between the transmitter and receiver, so it is assumed
that an accurate estimation of fm exists.

RESULTS

We compare channel estimates for the cubic spline interpolation method (“Cubic”), low-pass
FIR interpolation (“LPF”), GP regression with radial basis kernel (“GP-RBF”) as defined in (3),
and GP regression with Bessel kernel (“GP-Bessel”) as defined in (5).

Figure 2 shows a plot of the real part of the complex-valued channel estimate of a single bin
across the compared interpolation techniques, using the previously-specified simulation parame-
ters. A pilot spacing of Tpilot = TC was chosen to illustrate the tracking abilities of each interpo-
lation method for long pilot periods. While the plot is qualitative, it visually illustrates how the
interpolants track differently as the channel values reverse direction. The GP regression method
using the GP-Bessel kernel is able to track changes in direction better than the other methods.

Figure 3 shows the BER for all interpolation techniques as a function of normalized pilot spac-
ing. SNR is set at 50 dB to allow for noise-free comparisons. Interestingly, some noise is desired to
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Figure 2: Time-domain plot of interpolated channel estimates.

keep matrix inversions in the GP regressions to be well-behaved. The results are intuitively satis-
fying, in that at low normalized pilot spacing, pilots are spaced so close together relative to TC that
there is practically no advantage between any other interpolation technique, so BER performance
is identical. Performance is similar for all interpolation methods when pilots are spaced up to about
0.45TC. As a comparison, the ITU LTE standard [6] specifies 0.5 ms between pilot symbols; at
the chosen simulation parameters for this paper, that amounts to 0.13TC. Likewise, when pilots
are spaced extremely far away from each other, at some point any interpolation technique will fall
apart since the channel characteristics change too much between pilot transmissions. In this study,
the advantage of the GP-Bessel method disappears at 1.3TC.

Maximum performance improvement of the GP-Bessel over GP-RBF is at a pilot spacing of
0.825TC. Here, the GP-Bessel BER is 7.7×10−4 vs. the GP-RBF BER of 4.4×10−3. As we will
show later, this pilot spacing is found to be the maximum pilot spacing for GP-Bessel that gives
the best performance; increasing pilot spacing past this threshold will begin to degrade estimates
due to high GP variance estimates.

Figure 4 shows the BER for all interpolation techniques as a function of SNR at a fixed nor-
malized pilot spacing of 0.93TC (49 OFDM symbols at a mobile velocity of 120 kph). The results
are intuitively satisfying, in that at low SNR, all interpolation techniques suffer equally from the
fact that the observed channel estimates are already corrupted by noise. At high SNR, noise is less
of a factor, and BER is a function of channel estimation accuracy.
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Figure 3: BER vs. pilot spacing for different interpolators, SNR=50dB.

Figure 4: BER vs. SNR for different interpolators at 0.93TC pilot spacing.
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Figure 5: Variance of Bessel kernel.

NOTES ON PREDICTION VARIANCES

GPs not only allow for statistical predictions based on observed data and an underlying model;
it also allows for the calculation of a confidence metric to assess the likelihood that the prediction
is within a certain tolerance. Gaussian processes allows for a priori calculations of prediction
variances at any location. It is therefore advantageous to minimize the prediction variance at all
locations.

For the implementation described in this paper, prediction locations are all equally-spaced,
since it is efficient to have a fixed periodicity for pilot signals. Due to the non-linear nature of the
Bessel function, it is found that the prediction variance increases rapidly when prediction locations
are equidistant. Figure 5 shows the prediction variance for the location midway between two
observations.

The variance of a predicted point in a Gaussian process is given in (2) where K is the GP kernel,
and is frequently a covariance matrix. The first term is the prior covariance, while the second term
is a quadratic term (with respect to K−1) that describes how much information the observation
gives to the prediction. Note that (2) does not depend on any observations, but rather the locations
of the observations. This means that we can determine the variance of predictions at any location,
regardless of the observations.

Since K is a covariance matrix, it is symmetric positive semidefinite, so it can be eigen-
decomposed into

K = VΣVT , (9)

where V contain the eigenvectors of K, and Σ is a diagonal matrix containing the eigenvalues
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(denoted λl) of K. Recognizing that K is symmetric positive semidefinite, we can use the property
that K−1 = VΣ−1VT , and the second term in (2) can then be expanded as

kT
∗K

−1k∗ = kT
∗VΣ−1VTk∗ , q(x). (10)

Consequently, we can minimize the variance represented in (2) by maximizing the quadratic
of (10), which can equivalently be done by maximizing the diagonal terms in Σ−1.

Letting z = VTk∗,

q(x) =
n∑

l=1

1

λl
z2l =

1

λ1
z21 +

1

λ2
z22 + ...+

1

λn
z2n. (11)

Since
∑

l λl = Tr(K) for covariance matrices, and λl ≥ 0 for ∀l, q(x) is maximized when at
least one of the eigenvalues is close to zero. This occurs when the covariance matrix is rank-
deficient. We can then use model selection criteria such as the Akaike Information Criterion (AIC)
and Bayesian Information Criterion (BIC) [8] to determine when K is not full rank. Using the AIC
criterion, 0.825TC is the maximum pilot spacing that gives low variance estimates; beyond that,
estimate variance will increase rapidly.

CONCLUSIONS

In this paper, we have shown that, for widely-spaced pilot (training) signals in multi-path fad-
ing channels characterized by Jakes’ Model, Gaussian process regression using a kernel based on
the zeroth order Bessel function of the first kind can more accurately track channel variations in
time than the radial basis function more commonly used for Gaussian process kernels. Further-
more, it can outperform other linear channel estimate regression techniques such as cubic spline
interpolation and low-pass FIR interpolation.

When pilot signals are spaced closely together, there is no advantage to any channel estimation
interpolation techniques, since the pilots are spaced much shorter in time than the channel coher-
ence time. Using the GP-Bessel kernel allows for extending pilot spacing by almost 50% without
any degradation in performance when compared to the next closest performer, the GP-RBF. When
pilot signals are spaced very far apart, the advantage in using the GP-Bessel kernel disappears
since the kernel’s covariance decays quickly after approximately 1.15 times the coherence time.
Analysis of the prediction variance shows that, for the Bessel-based kernel, estimation variance
increases rapidly when pilots are equally-spaced at a period of more than 3.4ms.

In a noise-free channel, the Bessel-based kernel outperforms the RBF-based kernel by a factor
of 5.7 as measured by BER when the pilot spacing is roughly 0.825 times the channel coherence
time.
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[5] F. Pérez-Cruz, J. J. Murillo-Fuentes, and S. Caro, “Nonlinear Channel Equalization With Gaus-
sian Processes for Regression,” IEEE Trans. on Signal Processing, vol. 56, pp. 5283–5286,
Oct. 2008.

[6] 3GPP, “Evolved universal terrestrial radio access (E-UTRA); physical channels and modula-
tion,” Technical Specification (TS) 36.211, International Telecommunications Union, 2019.

[7] T. S. Rappaport, Wireless Communications. New Jersey: Prentice-Hall, 1996.

[8] P. Chen, T. Wu, and J. Yang, “A comparitive study of model selection criteria for the number
of signals,” IET Radar, Sonar and Navigation, vol. 2, June 2008.

9


